Abstract-In this paper, the source covariance matrices of multiple-input multiple-output (MIMO) interference channels (IFCs) are investigated from a game-theoretic perspective. It is proved that the requirement of sufficiently small interference-tonoise ratio (INR) is the sufficient condition for the uniqueness of the Nash bargaining (NB) solution. The structure of the source covariance matrices, which constitute the feasible set of NB solution, is analyzed by comparing them with the covariance matrices leading to the Nash equilibrium (NE). The existence of the NB solution and concavity of the rate product for MIMO IFCs are also studied.
I. INTRODUCTION
With the philosophy of sharing the available spectrum with either peer networks or legacy systems, dynamic spectrum access (DSA) [1] holds the potential to significantly improve the spectrum utilization. The newly emerged cognitive radio technology [2] is one of its promising implementations, where all secondary users try to share the spectrum holes and operate in an interference channel (IFC). Besides traditional information-theoretic approaches, there has recently been a new research trend to study IFCs from a game-theoretic perspective.
Various IFCs have been investigated in the literature, where the Nash equilibrium (NE) and Nash bargaining (NB) were applied to interference games stemming from these IFCs. The NB was theoretically examined for single-input single-output (SISO) and multiple-input single-output (MISO) IFCs in [3] and [4] in terms of its existence, respectively. The practical algorithms finding the NB solution for SISO and MISO IFCs were proposed in [5] and [6] , respectively. The NB over IFCs was extended to the MIMO case in [7] , where a practical suboptimal algorithm for finding the NB solution was designed by exploring the gradient projection method [8] . To the best of the authors' knowledge, there have been no research attempts to theoretically study the NB in MIMO IFCs in terms of its uniqueness and existence, which motivates the research in this paper.
In this paper, we fill this gap by deriving a sufficient condition for the uniqueness of the NB solution in MIMO interference systems. The feasible NB set is also analyzed by studying the structure of the source covariance matrices. Finally, the existence of the NB solution and concavity of the rate product for MIMO IFCs are investigated in terms of simulations.
II. SYSTEM MODEL AND PROBLEM FORMULATION A. System Model
Consider an L-link MIMO interference system with L transmitters and L corresponding receivers, where the transmitter and receiver for each link are equipped with N t and N r antennas, respectively. The N r × 1 complex base-band signal vector received by link i(i = 1, 2, . . . , L) can be written as
where ρ i is the normalized signal-to-noise ratio (SNR) for link i; η ij is the normalized interference-to-noise radio (INR) from transmitter j to receiver i; H ii and H ij are the N r × N t channel matrices from transmitter i and transmitter j to receiver i, respectively; x i is the N t × 1 transmitted signal vector for link i, and n i is the N r ×1 independently identically distributed (i.i.d.) additive white Gaussian noise (AWGN) vector perceived by link i with zero mean and identity covariance matrix E[n i n
H i ] = I, E[·] is the expectation operator, (·)
H denotes the Hermitian transpose operation, and I is the identity matrix. We assume that: 1) each transmitter/receiver transmits/receives symbols independently; 2) the co-channel interference from other links is unknown and treated as noise (i.e., no interference cancellation (IC) techiniques are employed by receivers); 3) the channel varies sufficiently slow and can be considered as time invariant during the period of each symbol transmission.
The mutual information for user i can be expressed as [9] 
] is the Hermitian positive semi-definite (PSD) source covariance matrix of the input signal vector for link i and
is the covariance matrix of the interference-plus-noise received by receiver i. We define Q (Q 1 , . . . , Q L ) as a set of source covariance matrices. Since the transmission of each user is power limited, the following trace constraint applies to
where tr(·) denotes the trace of a matrix. We also assume that each transmitter i has the full knowledge of channel, SNR, INR and the source covariance matrices of all the other transmitters. We optimize the mutual information of each user by choosing the source covariance matrix Q i under the trace constraint (3).
B. Game Theoretic Formulation -NE
The MIMO interference system delineated above can be modeled as a MIMO interference game, whose players are the users in the MIMO interference system. The mutual information of each user is taken as the utility of the corresponding player. The source covariance matrix of each user forms the strategy space of each player.
In a competitive game, as the name suggests, all the players compete with each other selfishly and rationally. Players neither communicate nor cooperate with each other prior to the game. A steady state in a competitive game where each player can not improve its utility by unilaterally changing its own strategy is called the NE. For a MIMO interference game, its NE can be mathematically expressed as
where Q * i , Q * −i are the source covariance matrices of NE for user i and for all the other users except i, respectively.
The source covariance matrix of each player leading to NE can be found via iterative water filling (IWF) [10] 
where 
C. Game Theoretic Formulation -NB
Generally, NE is not optimal from the system point of view, due to its competitive and selfish nature. Whereas, in a cooperative game, all the players negotiate with each other prior to the game, which usually results in utility improvement. There exist many cooperative game-theoretic approaches, here we restrict our attention to the NB [11] .
In this case, each player i has a set of strategies (bargaining set) which it may implement. In the context of the MIMO interference games, the bargaining set for user i can be expressed as
It also has a disagreement point, which is defined as the state that players resort to when the cooperation fails. Usually, NE is taken as the disagreement point.
Stated in the mathematical form, the NB for the MIMO interference game can be written as the following optimization problem max
It is worth noting that the NB corresponds to proportional f airness, and Nash product
) is converted to the rate product of all links when I NE i = 0. In the sequel, we first investigate the uniqueness of the NB solution and then briefly examine the feasible bargaining set and the existence of NB solution.
III. UNIQUENESS OF NB SOLUTION P roposition: The INR η ij being sufficiently small is the sufficient condition for the uniqueness of the NB solution of the MIMO interference systems.
P roof : It can be shown that the solution for (7) is identical to that of the following optimization problem
The optimization problem (8) is a convex one if and only if its objective function is concave and its constraint set is convex [12] . When (8) is a convex optimization problem, there exists at most one solution maximizing the objective function of (8), which is the sufficient condition for the uniqueness of the NB solution.
A. Concavity of Objective Function

A function g(x) is concave if and only if 1) f (t) = g(tx
is a concave function of t for any feasible x 1 and x 2 , which is equivalent to d 2 f (t)/dt 2 ≤ 0; 2) the domain of g(x) is convex [12] .
We consider the convex combination of two different feasible solutions of (8)
where 0 ≤ t ≤ 1. Let us define
and
By applying the well known properties of matrix differential calculus [13] , we have
This
where
Thus, the numerator of (14) can be written as
The last equality in (17) is obtained based on the fact that B i is Hermitian, and
If the bargaining set S is not empty, then T i > 0. Thus, α is not positive.
In (15), if the INR η ij is sufficiently small, then R −i approaches I, as the noise dominates the interference; and N i respectively, i.e., η ij has little impact on (14) . Hence, β can be ignored compared to α when η ij is sufficiently small. It can be seen that γ is not positive. Therefore, when η ij is sufficiently small, f (t) ≤ 0.
The domain of the objection function in (8) is
. . , L}, which is obviously convex. Therefore, the objective function is concave.
B. Convexity of Constraint Set
The constraint set of (8) is identical to the bargain set (6). Specifically, it can be rewritten as
It is easy to establish the convexity of the subset S 1 , but the convexity of subset S 2 is not obvious.
Let us define h(t) = −I i (Q(t)) + I
NE i . Adopting the same methodology as in section III-A, we have
The sufficiently small η ij imposes little impact on the first term inside the trace operator in (19) , whereas its second term can be ignored. Thus, similar to (17), when η ij is sufficiently small, (19) can be rewritten as
which implies that when η ij is sufficiently small, h(t) is convex [12] . Consequently, the subset S 2 and then the constraint set S are both convex.
As we can see, the condition that η ij is sufficiently small is sufficient for both the concavity of the objective function in (8) and the convexity of its constraint set. Therefore, the above proposition has been proved.
For the proportional fairness, where Nash product corresponds to the rate product, it is easy to infer that the INR η ij being sufficiently small is also the sufficient condition for the concavity of the rate product of the MIMO interference systems.
IV. EXISTENCE AND FEASIBLE NB SET As stated in section II, in MIMO IFCs, the NE is a steady state where each user best responds other users in term of mutual information. However, the NE is not Pareto efficient, i.e., it is usually below the rate boundary. If all the links simultaneously deviate from the NE and agree to adopt different strategies (i.e., source covariance matrices), this may result in simultaneous rate improvement for all links. In this case, the NB solution will exist.
The existence of the NB solution highly depends on the underlying MIMO interference channel, including its channel matrix, SNR and INR. It is difficult to find the closedform expression specifying when the NB solution exists. The general characteristics of the feasible utility set have been studied under an axiomatic framework in [14] . In this section, this problem will be investigated by analyzing the structure of the source covariance matrices forming the feasible bargaining set of the NB.
The source covariance matrix of each user is Hermitian PSD, thus it can be decomposed as
where V i is an unitary matrix of eigenvectors of Q i and Λ is the diagonal matrix of the corresponding eigenvalues. The source covariance matrices in the feasible set (6) can be considered as evolving from source covariance matrices of the NE (5). The evolution can be performed in two different ways: 1) changing the diagonal matrix ( (5); 2) modifying the unitary matrix U i of (5). The feasible set S can be comprised of source covariance matrices of the following types:
I. Q i has the same unitary matrix, but different diagonal matrix from Q * i . This is also referred to as stream control [15] , i.e., the number of the independent input data streams for each link is limited. This approach can be interpreted as selectively shutting down some transmission antennas, which create more interference to other links compared to the desired signal power generated for their target receivers. II. Q i has different unitary matrices, but the same diagonal matrix as Q * i . This corresponds to the power control when all the effective links are the same, but their emitting directions are different from those of NE.
V. SIMULATION RESULTS
A. Feasible Set of NB
Consider a 2-link MIMO interference system with H 11 = diag (1.8, 1), H 22 = diag(1, 1.8), H 12 = H 21 = diag(1, 1) , ρ 1 = ρ 2 = 20 , η 12 = η 21 = 14 and p 1 = p 2 = 1 . Its maximum achievable rate, the NE and NB solution are shown in Fig. 1 has the structure of Type II, i.e., they have the same diagonal matrices but different unitary matrices. Alternatively, the source covariance matrix can be interpreted as precoding. And the corresponding precoding matrices for its NB and NE are P 
B. The SNR and INR Impact and Existence of NB Solution
Fig . 3 depicts the SNR and INR impact on NE and NB solution. The channel realization is the same as that used for obtaining Fig.1 . As we can see from Fig. 3 , both NE and NB solution increase as SNR increases. In Fig. 4 , the NB solution remains unchanging in the INR range where NB solution exists. This is due to the fact that the NB in this case adopts stream control, i.e., only one stream is transmitting for each user, which eventually converts the MIMO IFC into an interference-free system. In this MIMO IFC, the NB solution exists only when its INR is smaller than the SNR. The rate of the links can be further improved by changing their source covariance matrices. From Fig. 4 and 5, it can be also seen that the NB solution does not exist when the INR is extremely small or large. This is due to the fact that the NE converges to the NB solution in these INR regions.
C. Concavity of Rate Product
Here, we examine the convexity of the rate product by simulations. Let us assume that the channel matrices are same as those used to obtain Fig. 1 . We choose t = 0.5. (Z 1 , Z 2 ) and (X 1 , X 2 ) are covariance matrices whose corresponding rates are in the rate boundary, and their rates for link 1 are I NB 1 and I NB 1 /2, respectively. Fig. 6 depicts the value of g(t) = f (t).It can be seen that: 1) The value of g(t) almost solely depends on INR, i.e., INR has more impact on the concavity of rate product than SNR; 2) When the INR is sufficiently small, the rate product is concave (i.e., g(t) ≤ 0). This result supports our findings in section III.
VI. CONCLUSIONS
In this paper, the sufficient condition for the uniqueness of the NB solution in MIMO IFCs has been derived. The existence of NB solution and the structure of source covariance matrices constituting the feasible NB set have been analyzed. The simulation results have demonstrated the impact of the SNR and INR on the NE, NB and the existence of NB solution. These results also have shown the concavity of the rate product, which supports our theoretical findings.
There are still several issues deserving further investigation. First, the sufficient condition for the uniqueness of the NB solution is desirable to be given in a more accurate and quantitative form. Second, the study of the structure of the feasible NB set enquires using a heuristic approach to find the NB solution, which is computationally complex. Thus, an algorithm with less complexity is of interest. Third, we studied the pure strategies of the cooperative MIMO interference game without considering any multiplexing scheme. Further studies could be extended to those with multiplexing schemes. This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE ICC 2009 proceedings
